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Images are corrupted by noise... %

i)  When measurement oOf
some physical parameter is
performed, hoise
corruption Ccahnhot be
avoided.

ii) Each pixel of a digital image
measures a nhumber Of
photons.

Therefore, from i) and ii)...

...Jmages are corrupted by
hoise!
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Gaussian noise ﬁ

(not SO useful for digital radiographs, but a good model for learhing...)

e Measurement hoise is often modeled as
(zaussian hoise...

e [Let X be the measured physiCal parameter,
let n be the noise free parameter and let o2
be the variahCe of the measured parameter
(noise power); the probability density
Function for X is given by:
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Gaussian hoise and likelihood E-J.L

Images are composed by a set Of pixels, X (X iS g vector!)

How can we quantify the probability to measure the image X,
given the probability density functionh for each pixel?

Let us assume that the VarianCe is equal for each pixel;

Let %; and y; be the measured and noiseless Values for the i-th
pixel;

Likelihood function, LX|p):

L(Xlu)zlii[ p(Xi |ﬂi):]i[6 1272. eXp{_%(%)Z}

LX|w describes the probability to measure the image X, given
the nhoise free Value for each pixel, p.
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What about denoising??? Lf‘gL

What is denoising then?

Denoising = estimate u from X.

e How Cah we estimate p?

e Maximize p(wX) => this usually leads to ah hard, inverse
problem.

o Tt is easier to maximize p(X|p), that is => maximize the
likelihood function (a “simple”, direCt problem).

. BU'ci... Is maximization of p(ux) different from that of
p(X|w?
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s
Bayes and likelihood P

e Bayes theorem:
p(r|x)p(x)= p(x|p)p(n)=

\ Likelihood
A priori hypothesis on the
estimated parameters u. For
= p(].l | X) = the moment, et us suppose
p(p) = COst.

e In this Case, maximizing p(uX) or p(X|u) is
the same!
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go, let us maximize the likelihood... ﬁ

o Instead Of Mmaximizing LX|w, it is easier to minize -
(08L& | ).
o TAhen the noise is Gaussian, we get:

L(XIH)=ﬂ p(x, Iﬂi)=1i[m/1§ eXp{_%(uﬂ

i=1

f(x|p)=-In[L(x|p)]=

Least squares!

e Maximize [, => [ east squares problem!

Constant!
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ST

% However, what about hoise in digital Z
radiography? .

e Noise in digital radiography is Poisson
(photon counting nhoise)!

e et p,; be the noisy (measured)
humber of photons assoCiated to pixel
i, ahd p; the unhnhoisy nhumber Of
photons. Then:

pn,i _pi
P e

p(pn,i | pi): .|

http://ais-lab.dsi.unimi.it 9/46 1. Frosio, M. Lucchese, N. A. Borghese




-~
il

exXample

iah hoise

Gauss

Constant varighce

Gaussian noise

12000

10000 — — — |
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ISSONh noise

Poi

Lower variance for

low signhal

Poisson noise

12000
10000~ — — — —
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Likelihood for Poisson hoise Lf'u.i,

e [Let us write the negative |0g likelihood for
the Poisson case:

Lip. )= To(p,| p)=preu
f(p, |p)=—In[L(x|p)]= ‘é[p”-i In(e. )]é:‘ P +gln(p”‘i!):
- i‘zl[pi = P 'In(pi )]

e L(p,|P) is also known as Kullback-Leibler
divergence (apart from a Conhstant term),

KL(p,|p).
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Maximize L! ﬁ

L is maximized <=> £ is minimized;
e QOptimization (Gaussian nhoise) Cah be performed
posing:

N
52()(1_”1)2
af(Xlll) Ogaf(xlu)zo’ vi:jzl—zo, Vi=
on ou, Oty

=2(%—4)=0, Vi) =g, Vi

e The noisy image gives the highest likelihood!!!

e This solution is hot sO interesting... The likelihood

approach Suffers from aq Severe overfitting
problem.
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Maximize L! Lf‘u_t

L is maxXimized <=> £ is minimized;
e QOptimization (Poisson noise) Canh be performed

posing: Z[ (o]
a pnl i
A@alp) oo d®alp) o i G =0, Vi=
op op, op;
—1- pr:'i =0, Vi=|p=p,, Vi

e The noisy image gives the highest likelihood!!!

e This solution is hot SO interesting... The likelihood
approaCh Suffers from a Severe overfitting
problem.
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Back to Bayes ﬁ

» Bayes theorem:

A priori hypothesis onh the
\p pn | estimated parameters p.
Probability der)SItY Funcuon For the

data X... Just a normalization
Factorlt

= pp|p.)

e IJf we introduce a-priori Khowledge about
the solution p, we get a Maximum A
Posteriori  (MAP) solution — p(p[p,) Iis
maximized!
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What do we have to minimize how? _#i

» We want to maximize p(p|p,) ~ pPP,|P) P(P),
that is:

N

~In[p(p|p,)]=~In[p(p, Ip)p nU[ o(p,dp,)- p(p))]=
—g'”[p(pn,ilpi) p(p, )]=—_§=1)ln p(p, b, ZN;In p(p

i=1

TResgularization term (a
‘ Negative |og likelihood ‘ priori information)
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A priori term Lf‘n.’u

» Let us Call p, and p, the two Components of
the gradient of the image.

e These are easily computed, for instahcCe as:
— Py = P(is) — p(i-14);
— py = p(ij) — p(ij-2);

e The gradient (a vector!) Will be indicated as
Vp;

* ||vp|| indicates the nhorm of the gradient.
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Py = P(iJ) — P(i-14)

_,
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priori term — image gradients (noise)ﬁ

Py = P(i) = P(i)-1)

%

Py = P(id) — p(i-1,))

4
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priori term — horm Of image gradient LEJL

NoO noise Noise

In the real image, most Of the areas are CharaCterized by ah (almost) hull
gradient horm;

We can for instance suppose that ||vp|| is @ random Variable with
zaussiah distribution, Zero mean and Variance equal to 2.

(Note that, in the noisy image, the norm Of the gradient assume higher
values - low ||Vp|| meahs [ow hoise!]

http://ais-lab.dsi.unimi.it

20/ 46 I prosio, M. Lucchese, N. A. Borghese

s
MAP and regularization theory ﬁ

e Poisson noise, normal distribution for
the horm Of the gradient:

f(p, [p)=—In[L(p, Ip)]—iZilln p(Vp,)=

=3 [p-py.ei ;.n ﬁ%exp[ 1y pzlnzliz

TResgularization term (a

\ Negative [og likelihood 5ula .
priori information)
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MAP and regularization theory g

o TAJe 100K for the minhimum Of f...

.. The likelihood is maximized (data fitting
term)...

. At the same time, the normm Of the
gradient is mihimized (regularization term)...

e ... The regularization parameter (1/2p2)
balances between g perfect data fitting and
very regular image...

oy 10)= 2. oy o > IV
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MAP and regulanzatlon theory f

For (1/2p%) = O we get the maximum
likelihood solution;

InCreasing (1/2f?) we get a more regular
(less noisy) solution;

For (1/2B% -> «, a Completely smooth
image is achieved.

Noise reduction.

Noise anhd edge . A
reduction. T s R
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Fix the ideas Lf‘u.‘u

A statistiCal based denoising filter is aChieved minimizing:
£ = -In(L(P, | P)I-A-In(P(P)]

The data fitting term is derived from the hoise statistiCal
distribution (likelihood of the data); generally, the Choice for
this term is unquestionable.

The regularization tert is derived from a-priori knowledge
regarding some properties Of the solution; this term is
generally user defined.

Depending on the regularization parameter A, the first or the
second terfn assume more Or |ess jmportance. For A->0, the
maxXimum likelihood solution is obtained.
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Gibbs prior g 1

Up to how, we assumed a hormal distribution for the horm of
the gradient, - Tikhonov regularization (quadratiC
penalization).

A more general framework is obtained considering:
p(p) = exXp(-R(P)] (Gibb’s prior)

TR(p) -> Ehergy function ~ regularization term (hote that -Ih
exp[-R(p)] =R(p))

Tikhohov assumes R(p) = -% (IIVpPII/B)

12



e Tikhonov term
penhalizes the image
edges (high gradient)

Edge preserving denoising? 4

=
o

more than the hoise & [“mw.| @ . . 1/
gradients. 7
e Tt is well Khownh that I e A
Tikhonov s| 1 VT T
regularization does not 5 *
preserve edges. S i (e i
e Ah edge preser.ving
algorithm is obtained 21 1
considering RP)=-IIVpIl  o———————5—,
[(Total variation, TV]. lfora
http://ais-lab.dsi.unimi.it 26/ 46 I Prosio, M. Lucchese, N. A. Borghese
41k
Tikhonov Vs. TV (preview) dll
Filtered image Difference
Tikhonov => - , W
Original image N .
o M1 |
TV => : &
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TV in digital radiography: starting z
point ahd problems -

* p,, OISy image affected by Poisson noise (likelihood
=> KL);

e p, hoise free image (Uhknown);

o R(p) = ||Vp|| (Total variation);

* Minimize fp|Py) = KL(PyP) + A Ziy | [ VR4 |-

e How to compute |[|vp;||? => A compromise
between computational efficienCy and aCCuracy
has to be achieved.

e How to minimize f(p|p,)? => An _iterative
optimization techhique is required.
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s
How to compute | |vp;||? ﬁ

Py = P(U,V) = p(U-1,V)
Pl Py = P(U,V) = p(U,V-1)
[1pif = [Pe]+|Py| L1 norm
[1pi] 1= CP,2+p,2T% L2 norm

The computational Cost
inCreases with the
humber Of neighbours
considered for computing
the gradient;

The computational cost is
higher for [2 norm with
respect to [,1 hort;

What about accuracy? =>
Gee experimental results!

[1Pil 1= IPe+IPyl+ |Pyyl+| Pyl
Pil [2= (P2+Py>+ Py +Pyl1”

[IPil[:= [Pul+IPyl+ [Pyl + [Py +...
[Pl | ;= (P2+Py2+ Py +Pyl+... 7%

<1soo Jeuoneandwo)D
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How to minimize £(p|p,)? ﬁ

e f(p|p,) is strongly nonh linear; solving
df(p|p,)/dp=0 directly is not possible
=> jterative optimization methods.

1) Cteepest desCent + [|ihe searCh
(SD+LS)

2) Expectation — MaXximization (damped
with line search - EM)

3) CCaled gradient (S&)
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P , g z?" .
. Steepest descent + line search (SD+LS) #l

° PK+1=DK'a'dF(p|pn)/dp =2
=> PkH=pk-o.df(P|p,)/dp

e The damping parameter o is estimated at
each iteration tO assure convergence
(F2<fX);

+: €asy implementation;
-: S|ow conhvergence, the method has been
damped (line search) to improve
convergence (o>1).
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EM + line search (EM) ﬁ

e (Consider the pixel i, then:

df(p|p,)/dp;=0 =>

=> dKL(p|p,)/dp; + dR/dp; = O

=> p;-p-dR/dp; + p; - P, ; = 0 =>

=> p; = p,;/ (B-dR/dp; + 2) (Fixed poin iteration]

» Damped fortula: p; = p; -(1-a) + a-p,;/ (B-dR/dp; + 1)

e The damping parameter o iS estimated at each iteration to
assure convergence (F<1<fx);

+: €3Sy implementation, fast convergence;

-: the method has been damped to assure convergence (a<1,
what happens when B-dR/dp;+ 1 -> 0?7?).
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s
CCaled gradient (SG) ﬁ

e (Consider the gradient method formula;

e Each component of the gradient is SsCaled toO improve
convergence (S is a diagonal matrix containing the scaling
parameters):

Pr1=pk-o.-G-df(p | p,)/dp

e The matrix S is computed from an opportune gradient
decomposition and KKT conditions;

+: €3Sy implementation, fastest Convergence; it Can also be
demonstrated that, for positive initial vValues, the estimated
sojution remains positive at each iteration!

http://ais-lab.dsi.unimi.it 33746 1. Frosio, M. Lucchese, N. A. Borghese
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an’;

Problems with dR/dp, il

e Tndependently from the optimization
method, the tertm dR/dp; has to be
computed at each iteration far any i;

o TWe have:

dRr/dp; = d[2;=l,,N(IIVD;I|1)J/dD;
XOR

dR/dp; = d(Zi, \(IVPyII)/dP,
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s
Problems with dR/dp, P

« Let us compute it for I, (R/dp; =
d(=i, n(IVR;I)I/dP)
&R dgm d(\/[p(u,v)f pu-1v)f +[p(u,v)- p(u,v—l)]z)
dipi: ) dp; - dp;

_ 2p(.v)- pu-1v)]+2puv)-pluv-1] =, PutPyu,
JIp(u,v)- plu-1)F +[p(u,v)- plu,v-2)f [Vplu.v)]

e TO aVoid division by zero:

dj: 2 Py + Py 52 P+ Py .
dpi VeV \/[p(u,v)— p(u-Lv)f +[p(u,v)- plu,v-1)F +&

D
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Problems with dR/dp; ﬁ

e Let us compute it for (I, (R/dp; =
d(zi, VPP,

N
dj:dgﬂpx‘i\ﬂpyyi\)f & d p(uv)-plu-Lv

=) — +

dp; dp; i dp; \/p(u,v)z —plu-1vy \/p(u,v)z —pluv-1y | -

= :Zl[sign(px,iﬁ sign(p,, )]+ ..

e Here divisions by zero are
automatically avoided — only “sigh” is
required -> Computationally effiCient!
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Questions E'_-JL

e HOWw mahy neighbor pixels do we have
tO Cconsider tO acChieve a SatisfyYing
dCCUracCy at |ow computational Cost?

 Best norm, Il.11; VS Il.11,?

e Best optimization method (SD+LS,
EM, SG)?
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TV in digital radiography... f

TResearch in progress...
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TResults (answers) 4i

e 75 Simulated radiographs with different
frequency content, Corrupted by Poisson
noise (max 15,000 photons).

e FOr any filtered image, measure:

MAE = 1/ Nzi:l..NIpi,noise{-‘ree-pi,f‘ilteredI -
-RMSE = NZi:l..N(pi,noisepree'pi,n|te1red)2 g

KL = 2I=1..N':pi.noisepree'ln(pi,noiseﬁree/ pi,Fi|tered)+pi,noisefree-pi,Fi[teredJ
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(11, VS. .11,
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EMvs. SD+LS
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Convergence and iterations )l
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QOriginal

Filter effect

Al

Filtered
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Filter effect: before filtering
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