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2 Photogrammetric networks 
 

2.1 The concepts of precision and reliability 

2.1.3 Notations, definitions 
 

Let the linear statistical model of bundle adjustment be: 
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e …   vector of true observation errors 
P ...    weight matrix of the observation vector  l

2
0σ .... standard deviation of unit weight to be estimated 

 
For the purpose of interval estimation we assume 
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Generally the stochastic properties of adjustment results, which are collected in a  
vector h 
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are given by  
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The accuracy (quality of an adjustment system, thus of the estimated quantities) consists of 
two parts: PRECISION AND RELIABILITY. 
 
PRECISION: Describes the stochastical properties of estimated quantities if the  
a-priori assumptions (functional and stochastical relations) are considered to be true. 
 
RELIABILITY: Describes the quality and the sensitivity of the adjustment model with 
respect to the detection of model errors (blunders, systematic errors, stochastical errors). 
For further details refer to Gruen, 1982, pp. 46-47, PERS 1/82. 
 

2.1.2 Precision criteria for x, y-networks 

Local precision criteria 

With σ ∑== xxxx
2
0 Q:1  

Points i, j: 
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iiQ  contains information on precision of point  iP

ijQ  contains information on precision between points ji P,P  

Relative precision:    jiijjjiiij QQQQQ −−+=∆

Shows precision structure of coordinate differences 
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a) Point related criteria 

Spectral decomposition of Q : ii

( ) 21ii21ii
T
iiiiiiii ,,diagwith,VVQ λ≥λλλ=ΛΛ=  

iiV    contains eigen vectors (orthonormalized) 

With axes ( ) ( ) ii2iiii1ii 2b,2a λ=λ=  we obtain Helmert’s error ellipse 
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Fig. 2.1: Helmert’s error ellipse 

 

Scalar measures: 

Helmert’s point error: ( )
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Friedrich’s point error: 
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Modified point errors: 
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Principal disadvantage of scalar precision measures: direction of errors not visible ! 
Area related measures like ellipses cannot directly be compared with each other ! 
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b) Relative precision measures 

Relative error ellipse (Baarda): 

( ) ( ) ijij21ij b,a,,Q ∆∆∆ λλ→  

Scalar measures: 
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Bomford: mean distance, direction error 

 

 
 
 
Graphical display of all corrections not possible, thus restriction to neighboring points. 

 

Global precision criteria 

Global precision criteria refer to the complete  - matrix. XXQ

They provide for average measures of the network as a whole. 

Eigen values of the - matrix (assumed to be positive semi definite): XXQ

T
xx VVQ Λ=     (spectral decomposition) 

( )m21 ,....,,diag λλλ=Λ  

with     0...;... m1kk21 =λ==λλ≥≥λ≥λ +

V contains the normalized eigen vectors: 

m,m
TT IVVVV ==  

The defect of Q  is  d = m – k . XX

)k,.......,1i(2 i =λ  are the axes of a k-dimensional hyperellipsoid. The eigen vectors 
indicate the directions of these axes, they are orthogonal to each other. 
 
If  k>3 the geometrical representation of the hyperellipsoid is not possible any more. 
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Linear declination of
eigen values 

...l

 

Figure 2.2: Graphical representation of the eigen values 

 

A generalization of the local precision measures gives the global measures. 

For p network points (m = 2p) we obtain: 

  Generalized Helmert “point” error: 

( ) k21xx
2
H ...QtrpM λ++λ+λ==  

Generalized Werkmeister “point” error: 
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Attention: det singular ! ( ) XXXX Qif,0Q =

p2
WM  is direct proportional to the volume of the k-dimensional hyperellipsoid. 

Generalized Friedrich “point”error:   ( ) 1XXMax Q λ=λ
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Important measure: λ   (Attention: Dependent on dimension of !) Max XXQ

( )
Min

Max
xxQCond

λ
λ

=        free of dimension problems ! 

 

Linear functions of x: 

...F;xFf iii = row vector of dimension 2p 

With the Rayleigh – quotient we obtain 
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The smaller the condition number the less differ the variances of estimable functions from 
each other. The network has a more homogeneous precision structure. 
 

With normal equations  we get g
xxQN =

( ) ,VVVVQN TggTg
XX Λ=Λ== 1) 

with  







λλλ

= 0,...,0,1,...,1,1diag
k21

gΛ  

Thus:   ( )xx
k

1

1

k Qcond
1

1

)N(cond =
λ
λ

=

λ

λ
=  

                                                 
1) See Theorem 1.5.16 in Graybill: Theory and Application of the Linear Model, p.30 
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Global goal functions for network optimization: 
(see Grafarend, Harland: Optimal design of geodetic networks I. In German. 
DGK, Reihe A, Heft 74, München 1973): 
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Transformation invariance of precision measures 
(Congruence transformations: translation, rotation, reflection) 
 
Translation : 
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Rotation, reflection : 
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Since all precision measures have been developed by using eigen values it is sufficient to 
prove the transformation invariance of the eigen values. 
 

Translation:  Proof trivial, since design matrix  contains    
 only coordinate differences. 

( PAANA T= )
 
Rotation, reflection: 
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Eigen vectors V get the same rotation (reflection) as the whole coordinate system. 
For local precision measures we obtain an identical derivation eigen values (length of 
ellipse axes) are invariant; only rotation /reflection of eigen vectors  (→ direction of ellipse 
axes). 

f
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The same is valid for the relative error ellipses and for the boundary criterium: 
TT1 TFF;FTFwith;TxFxFFxf ===== −  
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2.1.3 Reliability criteria and the detection of blunders 

2.1.3.1 General relations 
 
Residuals  l−= x̂Av

With            we get ( ) lPAPAAx̂ T1T −
=
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With   ;eAx +=l
  ( ) PeQPeQPAxQv vvvvvv −=+−=
          (since Q ) 0PAvv =
 
Assume gross errors ∇   in observations . ∇  is transformed to the residuals with l l l

  ( )ll ∇+−=∇+ PQvv vv

and from this we get  

  l∇−=∇ PQv vv

Important for reliability considerations: 

   - matrix P

v

Qvv
 
With the adjusted observations  l̂

  ˆ += ll

We obtain 

  T1
ˆˆ AANQ −=
ll

and using  Q     we get T11
vv AANP −− −=

  
llˆˆ

1
vv QPQ −= −

 
Some characteristics of the Qvv  - matrix ( if P=I ) 

 
The matrix is idempotent, i.e. vvQ
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vvvvvv QQQ =⋅  
 
and it has the following characteristics: 

�  is square, symmetric and singular vvQ

� The main diagonal elements denoted by q have values  
     between 0 and 1 

ii

 0 ≤ q ≤ 1 ii

� The sum of the main-diagonal elements is equal to the reduncancy r 
 nn332211 q....qqqr ++++=

 i.e.    Trace  ( ) rQvv =

� Each main-diagonal element   is equal to the sum of squares of all elements in    
     the same row (or column) including the diagonal element itself. 
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� The off-diagonal elements  

   jk

n

1k
ikij qqq ∑

=

=

  jjiiij qqq0 ≤≤  

 

Laan proved that the maximum absolute value of any off-diagonal elements is 0.5. 

   5.0q0 ij ≤≤  

 
Characteristics of M = QvvP , Qvv  : 

For  P = I:      M = vvQ  

vvQf  takes the same properties as M 
       (→ idempotancy,  =  = r) ( )vvQtr ( vvQrank )

M

 
From M  
it is easy to see that 

PAANIPQ T1
vv

−−==

  MM =⋅
  M is an idempotent matrix ; singular f

     Non-singular idempotent matrix:  ( )IIII =⋅
 
For regular P it follows from the idempotency of M: 

 tr (M)  = rank (M) = r    ;   r = n – u (redundancy) 
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vvQ  is symmetric and singular (rank ( Q ) = r)   (for general P, Q  is not idempotent !) vv vv

 

Assume P = diag  (p ): n21 p,...,p,

M is symmetric 

         (  ... ith diagonal element of M) 1m0 ii ≤≤ iim
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Since   1
vv MPQ −=
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ivvi
q = 0 :  “zero variance” situation 

      gross error ∇  is not detectable ! f il
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Example: Non-control point with 2 rays only  
 
f  Blunders in image coordinates which belong to the epipolar plane are undetectable  
     (x-observations !) 
 
Example: Photogrammetric intersection 
 

 
 

Fig. 2.3: Spatial intersection 
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Normal case ( )0=κ=ω=ϕ : 
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f  Blunder detection: poor,  

Blunder location: impossible 
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2.1.3.2 Baarda’s reliability theory 

Baarda has developed a complete reliability theory, which is in practical use, e.g. in the 
Netherlands for geodetic network analysis for several years. 
Currently the term “reliability” is mostly used in connection with gross error detection and 
location. 
INTERNAL RELIABILITY: Defines the amount of a gross error in an observation, which 
is just non-detectable on a certain probability level. 
EXTERNAL RELIABILITY: Indicates the effect of this non-detectable blunder on the 
estimated quantities (e.g. object point coordinates). 

 

Data Snooping 

Since true errors e of an adjustment system are not available, a gross error test procedure 
must be restricted on . vorx̂

Hence the expectations 

  
( )
( ) 0vE

xx̂E
=
=

have to be tested. 

The expectation x for the solution vector (or at least a part of it) is usually not known 
(possible exceptions: control and check point coordinates). 
 

Hence most of the observations are only to test by the null-hypothesis: 

  ( ) 0vE:H0 =
However, this global hypothesis is not suitable to detect gross errors in individual 
observations. 
 
If we suppose a sequence of null-hypotheses: 

         i = l,…,n ( ) ,0vE:H i0i
=

and a weight matrix P of diagonal form, then, according to a proposal of Baarda the 
statistics: 
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If H is distributed as Student’s t: i0 wthen,trueus
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 ~ t (1-α0  , ∞) = n (normal),      n(0, 1) iw
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This sequence of tests is called the “data-snooping” technique. 
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Since  is usually not available, one has to use in practice very often : 
ivσ
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If vi  is estimated from the same model as  :ˆ 2
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i0

Pope, 1975: The statistics of residuals and detection of outliers. XVIth  General Assembly 
of                      
                    the IAG, Grenoble. 
 
The influence of a gross error vector  on the vector of residuals is l∇

  l∇−=∇ PQv vv

If we suppose only one gross error ∇  in the ith observation we obtain the test criterion: il
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with diagonal P the non-centrality parameter  results in: iδ
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This indicates the valuable relationship between the gross error ∇  and the non-centrality 
parameter δ  

il

.i
Figure 2.4 shows the graphical representation of the test. 
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Fig. 2.4: Graphical representation of data snooping 

 
 

0H …….. null-hypothesis  A …….. acceptance region 

iAH …… alternative hypothesis  R …….. rejection region 

φ(w) …… density function  c ……... critical value for rejection 
iδ ……… non-centrality parameter       (from Student’s t) 

0α  …….. type I error size 

01 β− ….. type II error size ( 0β … power of the test) 
 
Usually the alternative hypothesis is set up by using a specified non-centrality parameter 
and the corresponding power of the test 0β is computed. Baarda goes the opposite way. He 

introduces a special 0β (e.g. 0.8) for all alternative hypotheses H  and computes the 

corresponding , which now can be considered as δ  (common for the tests of all obser-
vations). 

iA

iδ

Nomograms for these values are to be found in Baarda (1968). 

 
Example: 

001.00 =α       → c = 3.3 
8.00 =β  → δ = 4.14 

  
Usually photogrammetric aerial systems have a large redundancy so that the proceeding 
considerations and Baarda’s nomograms, which refer to a degree of freedom ∞ (for ), 

can also be used if only σ is known. 
0σ

0ˆ
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Internal reliability 

Global criterium: )redundancyrelative(
n
r  

With r = tr ( ) ( )PQrankPQ vvvv =  
 
Local criteria: ( )

iivvi PQr =     ;    “redundancy number” 

    “local redundancy” 
 
Assumption of one gross error ∇ : il
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f  The lager ri the better the local interna

Criterium for good internal reliability:
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The internal reliability of a system (for 
by these just detectable gross errors ∇ 0l
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l reliability ! 

 

.. ,n) 

) do have equal size: 

ble possibility to compute the amount of a just 
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bundle adjustment: image space) may be defined 
  (i = 1,….,n). i
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With  σ  :p 2
i

2
0 il
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Criterium for good internal reliability: 
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External reliability: 
 

( ) ( ) lll 00
T1T ,PAPAAxx ∇∇+=∇+ − …non-detectable blunders 

( ) ll 00
T1T bydisturbednotisAif,PAPAAx ∇∇=∇ −  

 
Assumption: One blunder in observation i ( )  i0l∇

( ) ( ) ( )i0
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0
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X 
X 
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1 n 1
 
 
 
 
 
 
Generally: ∇  effects all components of  i0l x∇

 
For i = 1,…,n we collect all corresponding vectors  in the matrix ∇  as: ( )ix∇ X

 
( ) ( )( )n1 x,...,xX ∇∇=∇  

∇ X u
n 
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For P = diag (p1, p2,…, pn): 

( ) ( ) ( )i0i
T1T

i pAPAAx l∇=∇ −  
 
 
 
 
 
 

      See:  Advantages with 
      P = diag 

   AT N-1 0
X
0
0

=
X 
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          TAofcolumnith

        
 

2 Problems: 

- for each (  one complete vector  )i0l∇ ( )ix∇
f very complex situation (matrix ) 

n,u
X∇

- ∇ X not rotation invariant 
 
 

2.1.3.3 Invariance of reliability measures 

Invariance of internal reliability measures: 
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1
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:ITTTT

TTQQ

ATATAwith

AAQQ

TT

T
xxxx

T1

T
xxˆˆ

==

=

==

=
−

ll

 

{ { llll ˆˆ
T

I

T
xx

I

TT
xxˆˆ QATTQTTAAQAQ ===  

vvQf  invariant 
flPQv vv= v invariant 

f  Internal reliability measures invariant 
f  v, Qvv invariant with respect to selection of datum  
                  (bei nicht redundanten Datumsparametern) 
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Invariance of external reliability measures: 

( ) ( )( )n01000
T

xx ,...,L;LPAQX ll ∇∇=∇∇=∇  

{ LPATTTQLPAQX 0
T

I

T
xx0

T
xx ∇=∇=∇  

 
LPATQX 0

T
xx ∇=∇  

( ) XLPAQ 0
T

xx ∇∇≠ f  not rotation invariant 
 

Matrix  is independent of coordinate system: XXT∇∇

{ .XXLPAQTTLPAQXX T
0

T
xx

I

T
xx0

T
∇∇=∇∇=∇∇  

Square root of diagonal elements of  :XXT∇∇

( ) ( ) ( )( ) 2/1
i

T
ii xxx ∇∇=∇  

 
With P = diag: 

( )
( ) ( )( ) 2/1T

i
11TT

ii0ii aNNapx −− ⋅∇=∇ l  
 

Requirement for reliable network: 

     { } n,...,1i,minxsup )i( ==∇       

 
 

 
Baarda’s external reliability measures: 

( )
( ) ( )i

1
xx

T
i

i
0 xQx ∇∇=λ −  
( )i
0λ  invariant with respect to translations and rotations 

Compute 
( )i
0λ  for  i = 1,…,n 

Global measure for external reliability: 
 









λ
=λ )i(sup

0
0  
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2.2 Reliability structures of close-range systems 
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